In this paper, we present new fixed point theorems in Banach algebras relative to the weak topology. Our fixed point results are obtained under Leray-Schauder-type boundary conditions. These results improve and complement a number of earlier works. As an application, we establish some existence results for a broad class of quadratic integral equations.
Introduction
The need for a fixed point theory in Banach algebras arose out of the study of quadratic integral equations. Those equations have received increasing attention during recent years due to their applications in diverse fields of science and engineering, for example, the theory of radiative transfer [ The problem of existence of solution to quadratic integral equations may be usually reduced to a fixed point problem of the form
where is a nonempty subset of a Banach algebra X. In recent years, significant advances have been made in the development of fixed point theory in Banach algebras using the norm topology and applications to quadratic integral equations. We quote the contributions by Leggett However, only a few papers have been up to now devoted to the existence of fixed points for mappings acting on Banach algebras relative to the weak topology [-] .
One of the most important results for solving (.) using the norm topology is the following result due to Dhage [] . This result can be seen as an analogue of Krasnosel'skii's fixed point theorem in Banach algebras.
Theorem . Let be a nonempty bounded closed convex subset of a Banach algebra X. Let B : → X and A, C : X → X be continuous operators satisfying:
(i) B is completely continuous, (ii) A and C are Lipschitzian mappings with constants k A and k C , respectively, (iii) the equality x = AxBy + Cx with y ∈ implies x ∈ . Then the operator equation x = AxBx + Cx has a solution whenever Qk A + k C < , where Q = B( ) .
Very recently, Banas and Taoudi [] proved the following analogue of Theorem . for the weak topology.
Theorem . Let be a nonempty closed and convex subset of a Banach algebra X with property (P). Let B : → X and A, C : X → X be weakly sequentially continuous operators satisfying: (i) B( ) is relatively weakly compact,
(ii) A and C are Lipschitzian mappings with constants k A and k C , respectively, (iii) the equality x = AxBy + Cx with y ∈ implies x ∈ . Then the operator equation x = AxBx + Cx has a solution whenever Qk A + k C < , where Q = B( ) .
Recall that a Banach algebra X is said to have property (P) if for every two sequences {x n } and {y n } in X such that x n x and y n y for some x, y ∈ X, we have x n y n xy. We emphasize that Theorems . and . are stated under the Burton-type boundary condition that (x = AxBy + Cx, y ∈ ) implies x ∈ .
(  .  )
In some applications, it is difficult and sometimes impossible to construct a set so that (.) holds. This entails the importance of considering other 'boundary conditions, ' namely Leray-Schauder-type conditions [] , Furi-Pera-type conditions [] , and many others.
The aim of this paper is to establish new fixed point theorems in Banach algebras relative to the weak topology under Leray-Schauder-type boundary conditions. Then, we replace the weak continuity of the involved operators by the concepts of ww-compactness and ws-compactness and interchange the weak compactness by some alternative conditions formulated using the axiomatic measure of weak noncompactness. Our results improve and encompass several earlier related works. As an application, we prove the existence of a continuous solution for a broad class of quadratic integral equations. This paper is arranged as follows. In Section , we fix the notation and present some key tools that will be used to prove our main results. In Section , we prove some fixed point results in Banach algebras under boundary conditions of Leray-Schauder type. Finally, in the last section, we use some materials from previous sections to develop an existence theory for a broad class of quadratic integral equations. For the remainder of this section, we gather some notations and preliminary facts. Let X be a Banach algebra with norm · , and let X * denote the topological dual of X. We use the symbol B(x, r) to denote the closed ball centered at x with radius r. We write B r to denote B(, r). Further, we denote by B(X) the family of all nonempty and bounded subsets of X. The symbol K w (X) stands for the family of all weakly compact subsets of X. For any bounded subset of X, we put = sup{ x : x ∈ }. In the sequel, we will adopt the following definition of the axiomatic measure of weak noncompactness [] .
Definition . A function ψ : B(X) − → R + is said to be a measure of weak noncompactness if it satisfies the following conditions: (i) The family ker ψ = {M ∈ B(X) : ψ(M) = } is nonempty, and ker ψ is contained in the set of relatively weakly compact subsets of X,
n≥ is a sequence of nonempty, weakly closed subsets of X with M  bounded and
Notice that the set M ∞ belongs to ker ψ since ψ(M ∞ ) ≤ ψ(M n ) for every n and lim n→+∞ ψ(M n ) = . Also, we can readily check that the measure ψ satisfies, for all M ∈ B(X),
We say that ψ is nonsingular if
The first important example of a measure of weak noncompactness was defined by De Blasi [] as follows:
for all M ∈ B(X). Notice that the De Blasi measure of weak noncompactness w is nonsingular. We summarize some useful properties of w in the following proposition. For a proof, we refer the reader to [] . 
Definition . [, ] Let be a nonempty subset of a Banach space X, and ψ be a measure of weak noncompactness on X. Let T : → X be a mapping. We say that: (i) T is weakly sequentially continuous if it maps weakly convergent sequences into weakly convergent sequences,
(ii) T is ψ-condensing if T is bounded (i.e., it takes bounded sets into bounded sets) and ψ(T(M)) < ψ(M) for any bounded subset M of with ψ(M) > , (iii) T is weakly compact if T( ) is relatively weakly compact, (iv) T is ws-compact if it is continuous and for any weakly convergent sequence (x n ) in , the sequence (Tx n ) has a strongly convergent subsequence in X, (v) T is ww-compact if it is continuous and for any weakly convergent sequence (x n ) in , the sequence (Tx n ) has a weakly convergent subsequence in X.
Notice that the concepts of ww-compact and ws-compact mappings arise naturally in the study of integral and partial differential equations (see [-] ). It is worth noting that wwcompact and ws-compact mappings are not necessarily weakly sequentially continuous [] . The following result is crucial for our purpose.
where
T], X) be bounded and equicontinuous. Then
w(H) = sup t∈[,T] w H(t) = w H[, T] ,
where H[, T] = t∈[,T] H(t).
For later use, we recall the mean value theorem for the Pettis integral; see [] , Theorem .
Lemma . Let X be a Banach space, and h
The following lemma is well known. 
Definition . []
Let X be a Banach algebra. We say that X is a WC-Banach algebra if the product K · K of arbitrary weakly compact subsets K and K of X is weakly compact.
Lemma . [] Let M and M be bounded subsets of a WC-Banach algebra X. Then w(M
In particular, if M is relatively weakly compact, then w(
Remark . It is worth noticing that every Banach algebra with property (P) is a WCBanach algebra. Also, every commutative Banach algebra with the Dunford-Pettis property has property (P) (see [] ). In particular, L  (μ), L ∞ (μ), and C(K) have property (P).
Recall that a Banach space X is said to have the Dunford-Pettis property (DPP) if for each Banach space Y , every weakly compact linear operator T : X → Y maps weakly convergent sequences into strongly convergent sequences.
2 Leray-Schauder-type fixed point theorems in Banach algebras relative to the weak topology
In this section, we prove some fixed point theorems in Banach algebras relative to the weak topology. Our results are formulated using some Leray-Schauder-type boundary conditions. Before proceeding with the main results, we give a key lemma, which we will employ several times in the sequel.
Lemma . Let M be a nonempty bounded subset of a Banach algebra X, and A, C : X → X be Lipschitzian mappings with constants α A and α
Let τ A,C : M → X be the map that assigns to x ∈ M the value τ (x). Then: Proof Let x ∈ M be fixed. The map ϕ that assigns to each y ∈ X the value A(y) · x + C(y) defines a strict contraction with constant M α A + α C . Indeed, for all y  , y  ∈ X, we have:
Now the contraction mapping principle guarantees that there exists a unique point
Let x  ∈ M be fixed. Then, for all x ∈ M, we have
Thus,
Consequently, τ A,C (M) is bounded. Now, we prove that τ A,C is continuous. For x n → x, we have
Keeping in mind that
Now, we prove that τ A,C is ww-compact. To see this, let N be a weakly compact subset of M. Applying the properties of the De Blasi measure of weak noncompactness w and Lemmas . and ., we arrive at
and therefore, w(τ (N)) = . Now, it remains to prove the last assertion. To see this, let (x n ) be a sequence of M that converges weakly to some x ∈ M. Since τ A,C is ww-compact, there is a subsequence (x n k ) of (x n ) such that the sequence τ (x n k ) converges weakly to some z. Taking into account that τ (x n k ) = Aτ (x n k )x n k + Cτ (x n k ) and the fact that X satisfies condition (P), the weak sequential continuity of A and C yields z = Azx + Cz.
Now we show that
Suppose the contrary. Then there exists a weak neighborhood N w of τ (x) and a subse-
Since (x n j ) converges weakly to x, then arguing as before, we may extract a subsequence (
This is not possible since τ ( 
, where ∂ U is the weak boundary of U in .
Proof First, notice that the equation λA(
Keeping in mind that B is weakly sequentially continuous and B(U w ) is bounded and invoking Lemma ., we infer that T is weakly sequentially continuous and T(U w ) = τ A,C B(U w ) is bounded. Now, suppose that (A) does not occur and T has no fixed point in ∂ U (otherwise, we are finished since (A) occurs). Then for all x in ∂ U and for all λ in [, ], we have
The set is nonempty since  ∈ . From (.) it follows that ∩ ∂ U = ∅. Clearly, ⊂ co(T( ) ∪ {}), and so is bounded. Since T is ψ-condensing, we have
and therefore is relatively weakly compact. Our next task is to show that is weakly sequentially closed. To do this, let (x n ) n be a sequence in that converges weakly to some x. Notice that for each integer n ∈ N, there is λ n ∈ [, ] such that x n = λ n T(x n ). By extracting a subsequence, if necessary, we assume that (λ n ) n converges to some λ ∈ [, ]. Letting n → ∞, we get λTx = x, and so x ∈ . Now we show that is weakly closed. To see this, let x ∈ U w be weakly adherent to . Since w is weakly compact the Eberlein-Smulian theorem [], Theorem .., p., ensures the existence of a sequence (x n ) n ∈ N such that x n x. Notice that x ∈ since is weakly sequentially closed. Keeping in mind that ∩ ∂ U = ∅, is weakly compact, and ∂ U is weakly closed since X endowed with the weak topology is a locally convex space (and thus a Tychonoff space), the Urysohn theorem for the weak topology [] guarantees the existence of a weakly continuous mapping
We define the mapping T  : X − → X by
Since T is weakly sequentially continuous, so is T  . Furthermore, we readily check that
Clearly, C is a convex closed subset of X, and
We consider the set
The set L is nonempty since C ∈ L. Set N = M∈L M. Clearly, N is a closed convex subset of C, and T  (N) ⊂ N . Hence, N ∈ L . Clearly, co(T  (N) ∪ {}) ⊂ N , and so
Using the properties of the measure of weak noncompactness, we get
Since T is ψ-condensing and N is closed, we deduce that N is weakly compact. The ArinoGautier-Penot fixed point theorem [] implies that there exists u ∈ N such that T  (u) = u. Now u ∈ U w since  ∈ U w . Consequently, ϕ(u)T(u) = u, and so u ∈ . This implies ϕ(u) = , and so T(u) = u. Thus, AuBu + Cu = u. 
Proof It suffices to show that T := τ A,C B maps bounded sets of U w into relatively weakly compact sets of X. To see this, let M be a bounded subset of U w . Clearly,
T(M) ⊂ C T(M) + A T(M) B(M). (.)
Let w be the De Blasi measure of weak noncompactness. Referring to Lemmas . and ., we see that
w T(M) ≤ w CT(M) + AT(M)B(M) ≤ ψ CT(M) ) + w AT(M)B(M) ≤ α C w T(M) + Qα A w T(M) since B(M) is relatively weakly, compact
≤ (α C + Qα A )w T(M) .
Thus, w(T(M)) = , and therefore T(M)
is relatively weakly compact. The result follows from Theorem .. If we take C =  in Theorem ., then we get the following result.
Corollary . Let X be a Banach algebra satisfying property (P), and ψ be a nonsingular measure of weak noncompactness on X. Let be a nonempty closed and convex subset of X, and U ⊂ be a weakly open set (with respect to the weak topology of ) such that  ∈ U. Let A : X → X and B : U w → X be weakly sequentially continuous operators satisfying the following conditions: (i) B(U w ) is bounded with bound Q = B(U w ) , (ii) A is Lipschitzian mapping with constant α
We describe now an important special case where C ≡ z  ∈ X. We will obtain a sharpening of [], Theorem ., and a weak Leray-Schauder version of [], Proposition .
Corollary . Let X be a Banach algebra satisfying property (P), and ψ be a nonsingular measure of weak noncompactness on X. Let be a nonempty closed and convex subset of X, and U ⊂ be a weakly open set (with respect to the weak topology of ) such that  ∈ U. Let A : X → X and B : U w → X be two weakly sequentially continuous operators. Assume that (i) A maps bounded sets into bounded sets and there exists a constant λ ≥  such that ψ(A(M)) ≤ λψ(M) for every bounded subset M of X, and (ii) B maps bounded sets into relatively weakly compact sets, B(U w ) is bounded, and
λ · sup z∈U w B(z) < . Then, either (A) there exists z ∈ U w such that z  + AzBz = z, or (A) there exist z ∈ ∂ U and λ ∈ (, ) such that
Proof The reasoning in the proof of Corollary . yields that T = τ A,C B is ψ-condensing, where C ≡ z  . The result follows from Theorem .. In addition, assume that
Remark . If we take
for all λ in (, ) and u in ∂ U. Then, the set of fixed points of T in U w is nonempty and weakly compact.
By Theorem . we see that = ∅. Notice that ⊂ T( ) implies that is bounded and
Since T is ψ-condensing, ψ( ) = , and therefore is relatively weakly compact. The reasoning in the proof of Theorem . shows that is weakly closed, so is weakly compact.
Remark . If we assume that
for all x ∈  λ ∂ U and λ ∈ (, ), then, the boundary condition (.) is satisfied. Indeed, let x ∈ ∂ U and λ ∈ (, ). Suppose that λA(
) , which contradicts (.).
In many practical situations, the weak (sequential) continuity is not easy to be checked or even not satisfied. So, we will interchange this condition by the ws-compactness. Our approach combines the advantages of the strong topology (i.e., the involved mappings will be continuous) with the advantages of the weak topology (i.e., the maps will be weakly compact). This enlarges considerably the applicability of our fixed point theorems. In analogy to what we have done in beginning of Section , we will try to develop a parallel fixed point theory for ws-compact operators under Leray-Schauder-type boundary conditions.
Theorem . Let X be a Banach algebra, and ψ be a nonsingular measure of weak noncompactness on X. Let be a nonempty closed and convex subset of X, and U ⊂ be an open set (with respect to the topology of ) such that  ∈ U. Let A, C : X − → X and B : U − → X be three operators satisfying the following conditions: (i) B is ws-compact, and the set B(U) is bounded with bound Q = B(U) , (ii) A and C are Lipschitzian mappings with constants α A and α C such that
Proof Referring to Lemma ., we see that the operator T = τ A,C B : U − → X is well defined and continuous. Notice also that since B is ws-compact, T is ws-compact. Now, suppose that (A) does not occur and T has no fixed point in ∂ U (otherwise, we are finished since (A) occurs). Then, for all x in ∂ U and for all λ in [, ], we have that
The set is nonempty since  ∈ . In addition, the continuity of T implies that is closed. From (.) we know that
Applying the properties of ψ, we have
Since T is ψ-condensing, is relatively weakly compact. Notice that is closed implies is weakly compact. Since T is ws-compact, T( ) is relatively compact. It follows, by using the Mazur theorem, that co(T( ) ∪ {}) is compact. Now, (.), together with the fact that is closed, implies that is compact. By Urysohn's lemma [] there exists a continuous function ϕ :
Clearly, F is a continuous mapping, and
Invoking Lemma ., we infer that T(U) is bounded. Now, let K = co(T(U) ∪ {}). Obviously, K is a closed convex subset of X, and
The reasoning in the proof of Theorem . yields that N = M∈L M is weakly compact. Since T is ws-compact, T(N) is relatively compact. The Mazur theorem guarantees that co(T(N) ∪ {}) is compact. This implies that N is compact since N ⊂ co(T(N) ∪ {}). Now, the Schauder fixed point theorem implies that there is u ∈ N such that F(u) = u. Now u ∈ U since  ∈ U. Consequently, ϕ(u)T(u) = u, and so u ∈ . This implies ϕ(u) = , and so T(u) = u. Thus, AuBu + Cu = u.
Remark . We should mention that property (P) is essential in the proof of Theorem . as far as the weak sequential continuity is concerned. This is not the case in Theorem . since the involved mappings are continuous (for the norm topology) and the algebra multiplication is always continuous. 
Remark . In Corollary ., hypothesis (iii) may be replaced with (iii ): 'T maps bounded sets into relatively weakly compact sets. ' 
Corollary . Let X be a WC-Banach algebra. Let be a nonempty closed and convex subset of X, and U ⊂ be an open set (with respect to the topology of ) such that  ∈ U. Let A, C : X − → X and B : U − → X be three operators satisfying the following conditions: (i) B is ws-compact, B maps bounded sets into relatively weakly compact sets, and B(U) is bounded with bound Q, (ii)
A
Application
As pointed out in the Introduction, quadratic integral equations occur in a large number of 'real-life' problems. In order to illustrate our abstract mathematical results, we will devote the present section to study of the existence of continuous solutions to the following abstract nonlinear quadratic integral equation:
where X is a real Banach algebra satisfying condition (P). As usual, we will denote by 
and all x in X,
for any bounded subset V of X, (H) there is r >  such that Q + < , where
Let r >  satisfy (H), and let be any closed convex equicontinuous subset of B(, r) with  ∈ . Let U be a weakly open subset of such that  ∈ U. Notice that (.) is equivalent to the operator equation
where the operators C and B are defined by
Now, we are ready to state the main result of this section.
Theorem . Let X be a Banach algebra satisfying condition (P) and suppose that assumptions (H)-(H) hold. In addition, assume that
, and x ∈ ∂ U. Then equation (.) has at least one solution in E.
To prove Theorem ., we need the following result.
Lemma . ([], p.) Let K be a compact Hausdorff space, and X be a Banach space. Let (f n ) n be a bounded sequence in C(K, X), and f ∈ C(K, X). Then (f n ) n is weakly convergent to f if and only if (f n (t)) n is weakly convergent to f (t) for each t ∈ K .
Proof We show that the operators A, B, and C satisfy all conditions of Corollary .. This will be achieved in five steps.
Step : We show that the operators A and C make sense and are weakly sequentially continuous. In view of hypothesis (H)(ii), A is weakly sequentially continuous. Now, we show that the mapping C is well defined. To this end, let x ∈ E and let (t n ) ∈ J N be such that t n − → t ∈ J. Thus,
Since k(·, x) is continuous (from (H)(ii)) and μ is continuous, it follows that Cx(t n ) -Cx(t) − → . Accordingly, Cx ∈ E. Now, we show that C is weakly sequentially continuous. To see this, let (x n ) n be a sequence in E such that x n x for some x ∈ E. Then (x n ) n is bounded in E. Also, for each t ∈ [, ], x n (μ(t)) x(μ(t)) (by Lemma .). Hence, Cx n (t) = k(t, x n (t)) k(t, x(t)) = Cx(t) (by (H)(i)). Using again Lemma ., we infer that Cx n Cx.
Step : Now, we show that A and C are Lipschitzian functions. To do this, let x, y ∈ E.
From assumption (H)(i) it follows that

A(x)(t) -A(y)(t) ≤ γ (t) x(t) -y(t) ≤ x -y
for each t ∈ J. As a result,
In virtue of assumption (H)(iii), the reasoning above yields that C is Lipschitzian with constant .
Step : Now, we illustrate that B maps into E and is weakly sequentially continuous. Accordingly, Bx ∈ E. Furthermore, the uniform continuity of q and σ on the compact [, ] implies that (B( )) is an equicontinuous family of functions. On the other hand, we show that B( ) is bounded. In fact, fix x ∈ and take t ∈ [, ]. Without loss of generality, we may assume that |Bx(t)| = . Using the Hahn-Banach theorem, we deduce that there exists h ∈ X such that h(Bx(t)) = Bx(t) and h = . It follows that
Bx(t) = h Bx(t)
= h q(t) + As a result, Bx n (t) Bx(t). Applying again Lemma ., we conclude that Bx n Bx.
Step : Now, we prove that T is w-condensing, where w is the De Blasi measure of weak noncompactness. Indeed, let S be a bounded subset of such that w(S) > . Notice that, for each x ∈ S, we have Tx = A(Tx)Bx + C(Tx). Hence, 
T(S) ⊂ A T(S) B(S) + C T(S) .
Thus, w T(S) ≤ w A T(S) B(S) + w C T(S) , From Lemma . (since A is weakly compact) it follows that w T(S) ≤ A T(S) w B(S) + w C T(S) ≤ M  w B(S) + k C w T(S)
.
